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A construction of orthogonal wavelet bases in L,(R?) from a multiresolution
analysis is given when the scaling function is skew-symmetric about an integer
point. These wavelets are real-valued when the scaling function is real-valued. As an
application, orthogonal wavelets generated by polyharmonic B-splines are obtained.
We also present an example to show that the center of a skew-symmetric scaling
function may not be in Z%2. " 1995 Academic Press, Inc.

The purpose of this paper is to give a construction of wavelet decom-
position in the multivariate situation. Our construction relies on the
multiresolution analyses whose scaling functions are skew-symmetric.

We say a sequence of closed subspaces {V}} ., of L,(RY) forms a
multiresolution analysis if it satisfies the following conditions:

(i) VeV, jeZ,

(i) feVifand only if f(2-)eV;,,;
(iii) U,ez ¥j=La(RY);

(iv) ﬂjeZ %:{0};

(v) there exists a function ¢ € V; called a scaling function such that
{#(- —n)},.z¢is an orthonormal basis of V5.

A basic and important problem in the study of wavelet decomposition
is the construction of orthogonal wavelet bases from a multiresolu-
tion analysis. The wavelet space W is defined as the orthogonal comple-
ment of ¥ in ¥;. Our goal is to find a subset ¥ of W such that {y(- —a):
Ye¥, aeZ? is an orthonormal basis of W. Then {2*?y(2*. —a):
yeV¥, keZ, aeZ“ forms an orthonormal basis for L,(R“) called a
wavelet basis.

There has been an extensive study of the construction of orthogonal
wavelet bases in the multivariate case d> 1. A general construction under
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the weakest assumption was given by Jia and Shen in [5] recently. The
disadvantage of their construction is that we can say nothing about the
decay of the resulting wavelets. To have some control of the decay of
the wavelets the intrinsic properties of the scaling function ¢ of the multi-
resolution analysis must be required. In this paper we are interested in
skew-symmetric scaling functions satisfying

$lc,+ )=@c,— ) for cyeR™ (h

The first construction of orthogonal wavelets for such scaling functions was
given in the low dimensions (d<3) by Riemenschneider and Shen in
[8, 9]. In arbitrary dimension de N Jia and Shen gave a simple construc-
tion in [5]. However, as was stated by Jia and Shen, “If ¢ is symmetric
about the origin, the wavelets constructed are complex-valued in general.”
The purpose of this paper is to overcome this shortcoming and construct
orthogonal wavelets which are real-valued if ¢ is real-valued and skew-
symmetric about some point ¢, € Z*.

Suppose that ¢ e L,(RY) is the scaling function of a multiresolution
analysis satisfying (1) for some point ¢, e Z*. Without loss of generality, we
may assume that ¢, = 0. Since ¢ is refinable, we have

¢-)= 3 blo) §(2- —a) (2)

xeZd

for some sequence {b(a)} €/,(Z9).
Note that ¢ has orthonormal integer translates, we have

bla) = b( —a) (3)

for all ae Z¢

Throughout this paper we shall assume that {b(«)} €/,(Z“) and
S e ze bla) =29 This assumption is valid if ¢ satisfies 3" _ . |¢(- —a)| e
L,([0, 1)), see [11].

Let & = &, be the set of all extreme points of the unit cube [0, 1]¢ ie.,

E=6,={(v), .., vg):v,;=0or | for all j}.

For u e &, we define
¢;1 = 2d/2¢(2 ° —#)

and
b (p)= 272b(2B + ).
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Then we know that {¢,( - —a) ueé, axeZ“} is an orthonormal basis
of ¥,. From (2) we also have

Hw)=Y ble ™) f (w), weR (4)

pned
Here

Hw) =JR4 d(x)e * ®dx

is the Fourier transform of ¢, x - w denotes the inner product of the two vectors
xand w in RY, and b, is the Laurent series called the symbol of b, given by

b(z)=Y b,(x)z*

xeZ9

Suppose we are given a wavelet set {y,:ueé&\{0}}. Each ¢, has a
representation of the form

lpy: z z b,uv(a) ¢v( . _a)v (5)

ved oweZd

where b,, € 1,(Z9) (ue E\{0}, ve &).
Let b, ,=b,, ve . Then we have the following characterization of a
wavelet set.

Lemma 1. The set {y, (- —a):ueE\{0}, aeZ?} forms an orthonor-
mal basis of W if and only if (b,,(2)), ,.s is a unitary matrix for almost
every e T“={(z, .., 2)€CY: |z| = -+ =zl =1}.

The proof of this lemma can be found in [3, 6].

Thus the problem of wavelet decomposition is reduced into the problem of
completing a unitary matrix with the first row given. Any wavelet decomposi-
tion depends on some intrinsic properties of the first row. In the case that the
scaling function is skew-symmetric we have the following property.

LEMMA 2. Suppose that ¢ e Ly(R?) is a scaling function and skew-
symmetric about the origin point. Let the mask sequence {b(a)},_,. of the
refinement equation (2) satisfy {b(a)} €l ((Z) and ¥, _ 4 b(x)=2" Then
for any e T*,

(E!l(:))yEJ #* ( —2_(1’;2, oy -2 *4/2).

Proof. Suppose to the contrary that there exists zoe 7¢ such that
b (zo)= —2"%forall ueé.

u
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By (3) we have for ye & and ze T

bu(z)=2""% b(u+2a):*

aeZd

=2"2 % bu—2a—2p)z""

aezd

=:"‘1;#(:).

Thus, for all x €&, we have
=1,
which implies that zo=(1, ..., 1).
By our conditions and assumptions

S Bye— —2°

HES

=Y Y 27hu+24)

Hed xezd

=279 Y p(a)
aezd

— 2d/2

Ihis is a contradiction. Hence we cannot have zeT7“ such that
b,(z)= =2 for all ye&. The proof of Lemma 2 is complete. [

With the above property we can now give the extensibility of the mask
symbol.

For ne N, we let I be the nxn identity matrix, e the nx 1 vector
(1,0, .., 0)", where we denote A7 as the transpose of the matrix 4, and A*
the complex conjugate transpose of 4.

Given a nonzero # x |1 vector v in C”, we define the Householder matrix
H(v) as

H(v)=1-2vv*/{v*v). (6)

We also need a Householder-type matrix given in [4, 5] as
Q(z)= —I+(e+2)e+2)T/(1+2)), (7)
where z=(z,, .., z,) € C" and z, # —1.

LEMMA 3. Letu={(— 1/\/1_1, s —l/ﬁ)T. For ze C" with 37 _ |z,2=1
and = # u, we let

P(z)= —Q(—H(u—e)z) Hu—e). (8)

Then P(z) is a unitary matrix with =7 as its first row.
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Proof. It is easily checked that H(v) is unitary and Hermitian for any
nonzero vector v. From [5, Lemma 3.3] we also have

—Hu—e)u= —e.
We need a result of Jia and Shen [5, Theorem 5 1]:

Q(z) is a unitary matrix with (z,, .., z,)==z7 as its first row whenever
DI i-[ =1 and - # —e.
Note that Yoy 151 =1=z*:. We obtain
(—Hu—e)z)*(—Hu—e)zy=z*(H{u—e))* Hu—e)z
=:-*>=1
By our assumption, = # u; hence
—H(u—e)z-# —e.
Therefore, Q( — H(u—e)z) is a unitary matrix and its first row is
(—Hu—e)z)T= —zT(Hu—e))".
Thus, P(z) is a unitary matrix and its first row is
—( =z (Hu—e)" Hu—e))==z
The proof of Lemma 3 is complete. |
Now we can give our construction of a wavelet set.
THEOREM 1. Suppose that ¢ € L,(R?) is a scaling function and skew-
symmetric about the origin point. Let the mask sequence {b(a)},_ ,q of the

refinement equation (2) satisfy {b(a)}el, and ¥, _,4b(a)=2% Then
choosing for e T

= = I z
(—24 2 BB gy T B
2 2412_1_24”65\{} n

x {2742 4 By )}/{1+2*‘”22 Z:(—)}

ned

b,,(2)

_ < ned\{0}, v=0;

x {2"‘"%11(:)}/{1 +2°2 Y 13,,(:)},

! ned

\ u, ve E\{0}, (9)
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we have a wavelet set {\r,:peE\{0}} such that {y (- —a):pe&EN{O},
ae Z“} is an orthonormal basis of W if we define s, as in (5).

The proof of Theorem | can be easily given from the above lemmas.
We mention only that when ¢ is real-valued, {b(a)} is real-valued and
forzeTand ueé&

bz)=Y 27 b(u+2a)z7"

aeZ”

= Y 27p(u—2a) "

xez9

Hence the coefficient sequence b, in the Laurent series of Eﬂv(:)( U, veé)
is real-valued and therefore the wavelet set {4} defined by (5) is real-
valued.

We note that the wavelets constructed in Theorem 1 decay exponentially
fast if the scaling function ¢ does so. By Wiener’s lemma we can also see
that the coefficient sequence &,, given by (9) is in /,(Z 4,

For box-splines, Theorem 1 gives another construction of orthogonal
wavelet sets different from those of Jia and Shen in [ 5] and Stéckler in [ 10].

As another application we consider the polyharmonic B-splines.

The polyharmonic B-spline N in R, normalized to have integral one, has
a Fourier transform given by

o r d r
sor-2($ o) (£ o0f). wert o

j=1

where we assume r > d/2, see [7].
Define ¢ € L,(RY) as

1/2
tﬁ(w)zN(cu)/(Z 11\7(w+2m)|2> ., weR (11)

xeZd

Then ¢ is the scaling function of a multiresolution analysis. For x € RY we
have ¢(x)=¢(—x)=¢(x). That is, ¢ is real-valued and skew-symmetric
about the origin point and we can apply Theorem | to obtain an

orthogonal wavelet set.

THEOREM 2. Let N and ¢ be defined as in (10} and (11); then ¢ is the
scaling function of a multiresolution analysis {V}},., of L,(R?). Define
{y, 1€ &\{0}} as in Theorem 1; then {y,(- —a): pe E\{0}, e Z*} isan
orthonormal real-valued wavelet basis of W, the orthogonal complement of V,
in V.
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Let us mention that other constructions are possible if we replace the
vector in Theorem 1 (=242 .., —2~%2) by other real-valued vectors. The
method of construction is similar. The construction for d=1 can be found
in[1,2].

If a scaling function ¢ of a multiresolution analysis in L,(R%) satisfies
(1), then we may hope that the center ¢, of ¢ will be in Z%2, since in this
case we can construct the orthogonal wavelet bases by [5] and our
Theorem 1. However, in the second part of this paper we will present an
example to show that this is not true.

Let d=1. We consider Meyer’s well-known basis: ¢, € L,{R) satisfies
b, (w)=1for jw| < m; ¢, (w) =0 for || > 4r; 0< §,(w) <1 for 2n < |w| <
41, ¢, € C*(R) is even and satisfies |¢,(w)]>+14,(27n —w)|?=1 for Ix<
w<in

We know that

$(w)=H,(0f2)§,(w/2), weR, (12)

satisfies for a 2z-periodic C™ function H,.
Now we define ¢ € L,(R) as

P(x)=¢(x—a), (13)

where a e R is arbitrarily chosen.

Then ¢e H(RY=L(R), 1e, Y, ., |¢(- +k)eL,([0,1)). ¢ is real-
valued since ¢, is. The integer translates of ¢ are orthonormal since Hlw) =
e “¢ (w) and

Y 1w+ 2kn)P= T |¢(w+2km)|2=1

keZ keZ

for any we R.
Let H(w) be the 2x-periodic function defined by

H(w)=e " H, (w) (14)

for jw| <=

THEOREM 3. Let ¢ and H be defined as above. Then ¢ is the scaling func-
tion of a multiresolution analysis, skew-symmetric about ae R and the mask
sequence of the refinement equation which ¢ satisfies is in 1,(Z).

Proof. We show that for any we R,

dwr-1(3)4(%) 1s)
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If || = 4=, then

If [w| < 27x, then by (12) we have
é‘(a))ze—-iawa(w)

n (3305

w ~AfQ
—A @ ¢ <5>
since |w/2| <.

If 27 < |w| <47 and ¢Al<w/2)=o, then

flw) =4 (w)

oen(2)
5 <c_§> e _,-,,wxz@: <%> =0.

The left case is 27 < |w| <4n and a(w/Z) # 0. In this case, by (12) we have
H(w2)=0=H {w/2+2r). If 2n < w<4n, then w2 -2rne —=n, n] and

SENTES

— efm(m;’lf'lﬂ\Hl (%_ 27z> =0.

since

Hence (15) is also valid.

The proof for —4n <w < —2r is similar and we have proved (15) for
any we R. We note that H(w) is continuous in fact.

Thus, from (15) we know that ¢ is refinable and has orthonormal integer
translates. Also, Y, .. l¢(- +k)| e L,([0, 1)). By [11, Theorem 2] we
know that

H(w)=1b(e~ ), weR,

for some sequence bel,(Z).
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Then by a result of Jia and Micchelli [3], we see that ¢ is the scaling

function of a multiresolution analysis of L,(R). It is evident that ¢ is real-
valued and skew-symmetric about a € R.

SC

The proof of Theorem 3 is complete. §

If d;(w);é() for a.e. we RY then it is true that for a skew-symmetric
aling function ¢, the center must be in Z%/2.
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